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On the distribution of multivariate Jacobi sums
Qing Lu∗ Weizhe Zheng†
Abstract
Let Fq be a finite field of q elements. We show that the normalized Jacobi sum
q−(m−1)/2J(χ1, . . . , χm) (χ1 · · ·χm nontrivial) is asymptotically equidistributed on
the unit circle, when χ1 ∈ A1, . . . , χm ∈ Am run through arbitrary sets of nontrivial
multiplicative characters of F×q if #A1 ≥ q
1
2
+ǫ, #A2 ≥ (log q) 1δ−1 for some ǫ > δ > 0
and q → ∞ or if #A1#A2/q → ∞. This extends previous results of Xi, Z. Zheng,
and the authors.
Let Fq be a finite field of q elements and let C be the field of complex numbers.
We let Xq denote the set of nontrivial multiplicative characters F×q → C×. For m ≥ 2,
χ1, . . . , χm ∈ Xq satisfying χ1 · · ·χm 6= 1, we consider the Jacobi sum
J(χ1, . . . , χm) =
∑
a1,...,am∈F×q
a1+···+am=1
χ1(a1) · · ·χm(am),
which has absolute value q
m−1
2 . For a nonempty subset A ⊆ Xmq , we define the discrepancy
D(A), to be the supremum of∣∣∣∣∣∣#{(χ1, . . . , χm) ∈ A
◦ | q−m−12 J(χ1, . . . , χm) ∈ e2πi[a,b]}
#A◦ − (b− a)
∣∣∣∣∣∣
for all real numbers a ≤ b ≤ a+ 1, where
A◦ = {(χ1, . . . , χm) ∈ A | χ1 · · ·χm 6= 1}
and e2πi[a,b] denotes the image of the interval [a, b] under the map x 7→ e2πix. For A empty
we adopt the convention that D(∅) = 1.
The goal of this note is to prove the following equidistribution property.
Theorem 1. There exists a constant C such that for all q and all integers m ≥ 2, s ≥ 1
and for all nonempty subsets A1 ⊆ Xq, A2 ⊆ Xq, B ⊆ Xm−2q , we have
D(A1 ×A2 × B) ≤ C
s(√q
A1
) 1
2s+1
+
1√
sA2
(
q
A1
) 1
2s
log q
 ,(1)
D(A1 ×A2 × B) ≤ C
(
q
A1A2
) 1
4
.(2)
Here Ai = #Ai.
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Corollary 2. (i) Let 0 < ǫ ≤ 1
2
and c > 0 be real constants. Then for nonempty subsets
A1 ⊆ Xq, A2 ⊆ Xq, B ⊆ Xm−2q satisfying #A1 ≥ cq
1
2
+ǫ, D(A1 ×A2 × B)→ 0 as
#A2
(log q)
1
ǫ
−1(log log q)
→∞.
(ii) For nonempty subsets A1 ⊆ Xq, A2 ⊆ Xq, B ⊆ Xm−2q , D(A1 × A2 × B) → 0 as
#A1#A2/q →∞.
Proof. Part (ii) is obvious from (2). For (i), we take s = ⌈ ǫ log q
2 log log q
⌉ in (1) and get
D(A1 ×A2 × B)≪ (log log q)−1 +
√√√√(log q) 1ǫ−1(log log q)
#A2 .
Remark 3. (i) For m = 2, the problem of asymptopic equidistribution of
{q−1/2J(χ1, χ2)}χ1∈A1, χ2∈A2, χ1χ2 6=1
was first suggested by Shparlinski [S, Section 5].
(ii) The case s = 1 of (1) was proved in [LZZ, (1.2)], which implies D(A1×A2×B)→ 0
as A1A2
q log2 q
→∞. The case m = 2 of (1) is a theorem of Xi [X, Theorem 1.5] and the
problem of generalization to multivariate Jacobi sums was suggested by him in [X].
(iii) (2) improves [LZZ, (1.3)]. Note that (2) is stronger than (1) when (A1q)
1/3 ≤ A2 ≤
A1.
(iv) It follows from a theorem of Katz [K, Theorem 9.5] (see also [LZZ, (1.7)] for the
case m = 2) that for fixed χ2, . . . , χm ∈ Xq satisfying χ2 · · ·χm 6= 1,
{q−(m−1)/2J(χ1, . . . , χm)}χ1∈Xq, χ1···χm 6=1
is asympotically equidistributed on the unit circle as q →∞.
(v) When one or both of the Ai’s are Xq, better bounds than Theorem 1 have been
given. See [KZ] by Katz and Z. Zheng (for the case m = 2 and A1 = A2 = Xq) and
[LZZ, Theorems 1.4, 1.6].
Theorem 1 follows from the following bounds of the moments of Jacobi sums, which
we deduce from results of Deligne and Katz. Our proof of (3) is similar to that of Xi [X,
Theorem 1.4], using Hölder’s inequality. Our proof of (4) using Cauchy’s inequality was
originally presented using matrices indexed by F̂×q . Xi suggested the current presentation,
similar to the proof of [dlBSSV, Lemma 3.8].
Theorem 4. For all integers m ≥ 2, s ≥ 1, n ≥ 1 and for all nonempty subsets A1 ⊆ Xq,
A2 ⊆ Xq, B ⊆ Xm−2q , we have
|M (n)| ≤ A1−
1
2s
1 (s!A
s
2q + sA
2s
2 (n
√
q + 2))
1
2sB,(3)
|M (n)| ≤ n
√
A1A2qB,(4)
where M (n) =
∑
(χ1,...,χm)∈A◦(q
−m−1
2 J(χ1, . . . , χm))
n, A = A1 × A2 × B, Ai = #Ai, B =
#B.
2
Proof. We may assume B = 1. Let B = {(χ3, . . . , χm)} and λ = χ3 · · ·χm. Fix a
nontrivial additive character ψ : Fq → C×. For χ ∈ F̂×q = Xq ∪ {1}, consider the Gauss
sum
G(χ) =
∑
a∈F×q
ψ(a)χ(a).
Recall that |G(χ)| = √q for χ ∈ X and G(1) = −1. We have
J(χ1, . . . , χm) =
G(χ1) · · ·G(χm)
G(χ1 · · ·χm) .
By the above, we have
|M (n)| ≤ ∑
χ1∈A1
∣∣∣∣∣∣∣∣
∑
χ2∈A2
χ1χ2λ6=1
q−nG(χ2)
nG(χ1χ2λ)
n
∣∣∣∣∣∣∣∣ .
By Hölder’s inequality, we get
|M (n)|2s ≤ A2s−11
∑
χ1∈F̂×q
∣∣∣∣∣∣∣∣
∑
χ2∈A2
χ1χ2λ6=1
q−nG(χ2)
nG(χ1χ2λ)
n
∣∣∣∣∣∣∣∣
2s
= A2s−11
∑
η,ρ∈As2
S(η,ρ)
s∏
i=1
q−nG(ηi)
n
G(ρi)
n,
where
S(η,ρ) =
∑
χ∈F̂×q
χηiλ6=1
χρiλ6=1
s∏
i=1
q−nG(χηiλ)
nG(χρiλ)
n
.
We have the trivial bound |S(η,ρ)| ≤ q−1. If ρ is not a permutation of η, then, removing
the redundant factors in the product and applying Katz’s bound [K, page 162] to the sum
extended to F̂×q , we have
|S(η,ρ)| ≤ snq − 1√
q
+ 2s.
Therefore,
|M (n)|2s ≤ A2s−11 (s!As2q + A2s2 s(n
√
q + 2)).
For the proof of (4), let
M˜ (n) =
∑
χ1∈A1
χ2∈A2
q−
(m+1)n
2 G(χ1)
n · · ·G(χm)nG(χ1χ2λ)n.
Then
|M˜ (n) −M (n)| ≤ min{A1, A2}q−1/2 ≤
√
A1A2q
−1/2
and
M˜ (n) = q−
(m+1)n
2 G(χ3)
n . . . G(χm)
n
∑
χ1∈A1
χ2∈A2
∑
a∈F×q
G(χ1)
nG(χ2)
nχ1(a)χ2(a)λ(a)Kln(a).
3
Here we used
G(χ)n =
∑
a∈F×q
Kln(a)χ(a),
where
Kln(a) =
∑
a1,...,an∈F×q
a1···an=a
ψ(a1 + · · ·+ an)
is the Kloosterman sum. Applying Deligne’s bound [D, (7.1.3)]
|Kln(a)| ≤ nq(n−1)/2,
we get
|M˜ (n)| ≤ nq−1/2 ∑
a∈F×q
|g1(a)g2(a)|,
where gi(a) =
∑
χ∈Ai q
−n/2G(χ)nχ(a). Since∑
a∈F×q
|gi(a)|2 =
∑
a∈F×q
∑
η,ρ∈Ai
q−nG(η)
n
G(ρ)nηρ(a) = Ai(q − 1),
we have ∑
a∈F×q
|g1(a)g2(a)| ≤
√
A1A2(q − 1)
by Cauchy’s inequality. Therefore,
|M (n)| ≤
√
A1A2q
−1/2(n(q − 1) + 1).
Proof of Theorem 1. Let D = D(A1 × A2 × B). We apply the Erdős-Turán inequality
[ET, Theorem III]. For any real number K ≥ 1, we have
D ≪ 1
K
+
∑
1≤n≤K
M (n)
n#A◦ .
Note that the cardinality #A◦ ≥ (A1 − 1)A2B.
For (1), since D ≤ 1, we may assume A1 ≥ s2s+1√q. By (3), we get
D ≪ 1
K
+
∑
1≤n≤K
√s
n
(
q
A1As2
) 1
2s
+
1
n
(
sn
√
q
A1
) 1
2s

≪ 1
K
+
√
s
(
q
A1As2
) 1
2s
(1 + logK) + s
(
sK
√
q
A1
) 1
2s
.
The equation (1) follows by taking K = s−1
(
A1√
q
) 1
2s+1 .
For (2), we may assume A1A2 ≥ q and, by symmetry, A1 ≥ √q. By (4), we get
D ≪ 1
K
+K
√
q
A1A2
.
We conclude by taking K =
(
q
A1A2
)−1/4
.
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